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Abstract. — We show that the Fourier-Laplace transform of a regular holonomic 
module over the Weyl algebra of one variable, which generically underlies a varia- 
tion of polarized Hodge structure, underlies itself an integrable variation of polarized 
twistor structure. 

Resume (Transformation de Fourier-Laplace d'une variation de structure 
de Hodge complexe polarisee) 

Nous montrons que le transforme de Fourier-Laplace d'un module holonome 
regulier sur Palgebre de Weyl, sous-jacent generiquement a une variation de structure 
de Hodge polarisee, est lui-meme sous-jacent a une variation integrable de structure 
de twisteur polarisee. 



Introduction 

Let P = {pi, . . . ,p r ,p r +i — 00} be a non empty finite set of points on the Riemann 
sphere P 1 . We will denote by t the coordinate on the afhne line A 1 = P 1 \ {00}. Let 



(V, V) be a holomorphic bundle with connection on P lan \ PFJ One can associate 



to (V, V) a unique holonomic C[f](9t)-module M with regular singularities (even at 
infinity) which is a minimal extension on A : it is characterized by the fact that its 
de Rham complex on A lan is j*"^, if j : P lan \ P A lan denotes the inclusion and 
f = ker V. 

The Laplace transform M (also called the Fourier-Laplace transform) of the 
C[f](dt)-module M is the C-vector space M equipped with the following action of the 
Weyl algebra C[t](<9 t ): the action of r is by dt and that of d T is by left multiplication 
by —t (see e.g., [15] or |20i Chap. V] for the basic properties of this transformation). 
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We also say that the Laplace transform has kernel e~ tT . In the r-plane A lan , M is a 
vector bundle with a holomorphic connection (V, V) away from r = 0. It is known 
that the singularity at r = is regular but the one at infinity is usually irregular (this 
uses the assumption that M has a regular singularity at t = oo). Recall also that the 
locally constant sheaf Y = kerV can be computed from the locally constant sheaf 
"Y = kerV in a cohomological way (see § ll.b[) . called localized topological Laplace 
transform. 

Let us now assume that (V, V) underlies a variation of polarized complex Hodge 
structure of some weight »el We address the following 

Question. — What kind of a structure does the bundle (V, V) associated to the 
Laplace transform M of M underlie ? 

The variation of complex Hodge structure provides M with a good filtration F.M. 
In general, there is no way to get from it a good filtration on the Laplace transform. 
Therefore (V, V) is unlikely to naturally underlie a variation of polarized complex 
Hodge structure in the classical sense. This is also prevented by the irregular singu- 
larity at infinity, according to the regularity theorem of Griffiths and Schmid (cf. [26 ). 

One of the main results of this article is Corollary 13.151 giving the solution to this 
question in the following way. We use the language of twistor i^- modules of [22] . Let 
us assume for simplicity that the weight w is equal to 0. 

(i) We extend to P 1 the main data of the variation, which are only defined on 
P 1 \ P. We get M as above, equipped with a good filtration F.M and a 
Hermitian sesquilinear pairing k : M ®c M — > J?*' (A 1 ) (temperate distributions 
on the complex plane of the variable t). 

(ii) The basic correspondence (cf. Definition ! 1.29|) associates to the data (M, F.M, k) 

(a) a bundle G with flat connection on the r-plane away from r = 0, oo: its 
analytization was called (V, V) above; 

(b) an extension Go of this bundle across r = oo using the filtration F.M by 
the procedure of saturation by ; 

(c) a sesquilinear pairing between G and t*G (where i is the involution r hh» 
— r) obtained by Fourier transform from k. 

(iii) The main result (Corollary |3.15[) says that these data form an integrable polarized 
twistor structure of weight 0. 

(iv) Moreover, by rescaling the variable £ in A 1 , we get a corresponding rescaling on 
the r-plane, and in this way we get a family of polarized twistor structures of 
weight parametrized by C* (the rescaling factor). We show (cf. Remark |2.5[) 
that this family is a variation of polarized twistor structure of weight 0, with 
tame behaviour when the rescaling factor (called l/r in § 12. dj) tends to infinity. 

(v) The proof of |m)l and (fry)) is obtained through another interpretation of the 
objects involved. Indeed, to the original variation of polarized Hodge structure 
we associate a variation of polarized twistor structure of weight in a natural 
way. Using results of C. Simpson [27| and O. Biquard [2] as in |22[ Chap. 5], we 
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show that this variation extends as an integrable polarized twistor ^-module 
of weight on P 1 (we could have used Schmid's classical results [26] . but we 
only use the regularity theorem here). We are then in position to apply the 
main theorem of |21j (cf. however the erratum to [21] ). saying that the Fourier- 
Laplace transform of this twistor f^-module is of the same kind. In particular, 
we get a harmonic metric on (V, V) with a tame behaviour near r = 0. 

We then identify the variation of polarized twistor structure that we get on 
A 1 \ {0} to the family constructed in (jrv|) . The new point in the proof, taking 
into account the main theorem in |21j (with its correction in the erratum to 
|21j ). is to show that the extension of the original variation of twistor structure 
is an integrable twistor ^-module (in the sense given in [221 Chap. 7], following 
the work of C. Hertling [IT]'). 

It should be emphasized that, in such a variation, each fibre is naturally 
equipped with a polarized Hodge structure (of weight 0), but the variation does 
not preserve such a structure, it only preserves the twistor structure, allowing 
therefore limiting irregular singularities (see [22, §7.2]). 



In §21 we use the same ideas to answer a question of C. Hertling: given a regu- 
lar function /:[/—> A 1 on a smooth affine manifold U of dimension n + 1, which 
has only isolated critical points and has a tame behaviour at infinity (i.e., is co- 
homologically tame at infinity, cf. |18j ). we associate to it the Brieskorn lattice Go 
(a free C[r -1 ]-module of finite rank); there is also a natural sesquilincar pairing 

^ = (2t™)"+ 1 — P ' Gols 1 ®ff s i t *G |s 1 - ¥ where the conjugation is taken in the 
usual sense (the pairing P will be constructed topologically in §2]); we then show that 
(G , G , C) corresponds to a polarized integrable twistor structure of weight 0. The 
proof is not obtained by a direct application of the previous results, as the Gauss- 
Manin system M = Jif °f+€>'u does not usually underlie, generically on A 1 , a variation 
of polarized Hodge structure (because / is not proper-and-smooth). It underlies a 
mixed Hodge module in the sense of M. Saito [25] . The basic idea is that, under the 
tameness assumption on /, this module differs from a module underlying a variation 
of polarized Hodge structure only by free C[t]-modules, which vanish after localized 
Fourier-Laplace transform, so that the object (Go,Go,G) can also be regarded as 
associated to a variation of polarized Hodge structure. 

When U is a torus (C*)' i+1 and / is a convenient nondegenerate Laurent poly- 
nomial with total Milnor number fi, one defines on the germ (O*,0), regarded as 
the parameter space of a universal unfolding of /, a canonical Frobenius structure 
(cf. |10j ). A consequence of the theorem for / is to endow (C,0) with a positive 
definite Hermitian metric, satisfying a set of compatibility properties with the Frobe- 
nius structure. This is called a tt*-structure in [llj . Let us notice that, compared 
to computations made for germs of holomorphic functions in loc. cit., the Hermitian 
form in the case of a Laurent polynomial is positive definite. 
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1. The basic correspondence 
l.a. Fourier-Laplace transform and sesquilinear pairings 

Conjugation. — Let X be a complex manifold, with structure sheaf Gx , and let Xr 
denote the underlying C°° manifold. We denote by X the manifold Xr equipped with 
the structure sheaf Gjf := Gx- The conjugation makes G^ a ^x-module and defines 
a functor, that we call "conjugation" , from -modules to G%~ modules. 

Given any ^x-module & % its conjugate Gjr ®e x & i s denoted by it is a 
^■y-module. If V is a flat connection on J?, then V is a flat connection on & 
and kerV is the local system conjugate to kerV (corresponding to the conjugate 
representation of the fundamental group) . 

Similarly, the notion of conjugation is well-defined for -modules. 

Sesquilinear pairings. — A sesquilinear pairing on ^-modules is a Six ®c 

ffc-linear morphism %& — > Dbx (the sheaf of distributions on Xr). 

In dimension one, we will also use an affine version of it: let C[t](dt) be the Weyl 
algebra of the variable t and let ^'(A 1 ) be the Schwartz space of temperate dis- 
tributions on the complex line. If M',M" are C[i](dt)-modules, we will consider 
sesquilinear pairings M' Cg>c M" — > ^'(A 1 ). 

If M' = M" =: M, we say that a sesquilinear pairing k : M ® c M -> ^'(A 1 ) is 
Hermitian if k{m,n) = k(n,m) for any m,n £ M (and a similar definition for the 
sheaf-theoretic analogue). 

The sesquilinearity of k allows one to extend k as a sesquilinear pairing from the 
bicomplex DR an M' an ® c DR an M" an into the d', d" bicomplex of currents on A 1 (we 
forget here the behaviour at infinity) . As this complex is a resolution of the constant 
sheaf, one obtains a morphism ks in the derived category^ 2 ) 

k B : DR an M' an ® c DR an M " an — > C A ia„. 

If we use the notation P DR (resp. P C) to denote the de Rham complex (resp. the 
constant sheaf) shifted by the dimension of the underlying manifold, this can also be 
written as 

(1.1) k B : p DR an Af' an ®c p DR an M" an — ► p C A ia„[l]. 



( 2 )The index g is for "Bctti". 
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Laplace transform of a <C[t]{dt) -module. — If M is a <C[t] (dt)- module, we denote by 
M its Laplace transform: this is the C-vector space M equipped with the following 
structure of C[r] (<9 T )-module: r acts as dt and d T acts as —t. Given a C[r](9 T )-modulc 
N, we denote by i*N (recall that t denotes the involution r i— > — t) the C-vector space 
N equipped with the following structure of C[r] (<9 r )-module: r acts by — r and d T 
acts by — d T . 

The Laplace transform can be obtained in a sheaf theoretic way. We will work on 
P 1 and we denote by &pi (*oo) the sheaf of meromorphic functions on P 1 having pole 
at most at infinity, so that L(P 1 , ^pi(*oo)) = C[t]. 

We denote by (*oo) the effect of tensoring (over &pi ) with €?pi (*oo) and we call this 
operation "localization away from infinity". In particular f^pi(*co) denotes the sheaf 
of analytic differential operators localized away from infinity. To a C[t] (<9t)-module M 
is associated a @pi (*oo)-module M(*oo), that we usually consider as a -module. 
Recall that, if M is holonomic, then M(*oo) is fi?pi -holonomic. For such a M, let us 
denote by p + M(*oo) its inverse image on P 1 x A 1 (corresponding to C[r] <8>c M). Let 
us also denote by S~ tr the free rank-one ^ plx j 1 (*oo)-module with the connection 
induced by d — rdt — tdr. In the following, we will use the notation p + M.(*oo)£'~ tT 
for the ^ P i x ji -module p+M(*oo) ®e rl s S~ tT , that is, the ^ , pl)< ^ 1 -module p*M(*oo) 
with connection twisted by e~ tT . Then 

(1.2) M = q+(p + M(*oo)g- tT ), 

where q is the projection to A 1 (see e.g., |15j V 

Fourier transform of a sesquilinear pairing. — The Fourier transform F t with ker- 
nel exp(ir — tT)4-dt A dt is an isomorphism between ^'(A 1 ) (t-plane) and S?' (A 1 ) 
(r-plane). Given a 2-form i/> in the Schwartz space ^(A 1 ) (i.e., ip = x( T )dT A df 
with x C°° , rapidly decaying as well as all its derivatives when r — > oo), we set, for 

u G y'iA 1 ), 

(F t u,ijj) := (u,F T ip^dt A dt), with F T tp = J e W ^ tT ^. 

(Recall that F T ip belongs to ^(A 1 ).) If k ; M' ® c M 77 ,y"(A r ) is a sesquilinear 
pairing, we denote by Ftk the composition i 7 * o k of fc with the Fourier transform of 
temperate distributions. Then Ftk becomes a sesquilinear pairing 

F t k : M> ® c l+M" — > Y'iA 1 ). 

(the i + is needed as we use the kernel e tT for the Laplace transform of M , not e~ tT ). 
Let us notice that, at this stage, k can be recovered from F t k by composing with the 
inverse Fourier transform. 

The case of holonomic C[t](dt) -modules with regular singularity at infinity. — Let 
us now assume that M',M" are holonomic C[t] (<9t)-modules which have a regular 
singularity at infinity. Then M', M" have singularities at t = and r = oo only. 
Denote by V',V" the holomorphic vector bundles with connection V obtained by 
restricting M',M" to r ^ 0, and by i /l , ~f" the corresponding local systems ker V. 
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The sesquilinear pairing F t k induces a sesquilinear pairing 
(1.3) F t k : V' ® c ^V 7 ' — » ^ 0} , 

the datum of which is equivalent to that of a sesquilinear pairing of local systems 



(1.4) (F t k) B : V ® c u-^f" — » C {T#0} , 

and, denoting by S 1 the circle |r| = 1, it is equivalent to the datum of a sesquilinear 
pairing 



(1.5) (F t k) B : ^ ® c t-i^ — » C S i. 

Examples 1.6 

(i) Let us first assume that M' = M" = M is equal to C[t](dt)/(t — c) for some 
c 6 C. Denote by m the class of 1 in M and by 5 C the distribution which 
satisfies, for any C°° function <p, the equality (6 C , <p j- A dt) = <^(c). Then, up 
to a constant, we have fc(m,m) = <5 C and F t k(m,Wi) = e cr ~ CT . 

(ii) Let us now assume that M' = M" = M is equal to C[t](dt) / (tdt — a) for some 
a 6 ] — 1,0[. Denote by m the class of 1 in M. Then, up to a constant, 
k(m,m) = \t\ 2a and F t k(m,m) = |rr 2(a+1) . 

Computation using direct images. — In order to compare with the topological Fourier 
transform (see below) , it will be convenient to have another formulation of the Fourier 
transform. Recall that M can be regarded as q+(p + M®d>~ tT ) (see the diagram below 
for the notation p, q), that is, the cokernel of the injective morphism 

C[r] <8>c M Vt ~ Tdt > C[t] ® c M®dt 

[where Vt is the connection relative to t only] via the map T l m% dt i— > Ei(^t) Im i ^ 
M, and the action of <9 r is induced by that of d T — t on C[r] (8c M. We consider the 
pairing 



( L7 ) (Ei r*m<)* ® (Ej 7- J '"»;0* 

i— ► [^(A 1 )^ 1 ) ^(fc(m^,^),F T (rVV)dt A dt) 

Let us notice that it vanishes if one of the terms belongs to Im(9j — t), hence naturally 
defines a sesquilinear pairing between the cokernels of dt — t with values in ^'(A 1 ), 
that we denote by k. The following is then clear: 

Lemma 1.8. — We have F t k — ^-k. □ 

l.b. Topological Fourier-Laplace transform and sesquilinear pairings 

With the supplementary assumption that M' , M" have regular singularity every- 
where, the sesquilinear pairing k B = — 2Tti(F t k) B can be obtained from k B (defined 
by (jl.ip ) in a topological way. We will explain here the relationship between these 
pairings. 
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Definition of the topological Laplace transform of sheaves. — In this paragraph, we 
use the analytic topology of A 1 , P 1 or A 1 , so we do not indicate it by the exponent 
'an'. Although the following construction holds over A 1 , we only use it (and therefore 
explain it) out of r = 0, that is, over A 1 *. 

We denote by £ the open inclusion A 1 °-> P 1 or A 1 x A 1 * > P 1 x A 1 * (and, as above, 
we have j : P 1 \ P A 1 ). Let e : P 1 — > P 1 be the real oriented blowing-up of oo G P 1 
(P 1 is topologically a disc). We also denote by e the induced map P 1 x A 1 * — » P 1 x A 1 * 



and we denote by L' + C e 1 (oo) 
by L'~ its complement in P 1 x A 1 



the closed subset Re(re larg *) ^ and 



We will consider the commutative diagram 



A 1 x A 1 * c 




Let & be a complex of sheaves on A 1 . Recall (see e.g., |15j ) that the topological 
Laplace transform of Sf with kernel e~ tT (restricted to A 1 *) is the complex 



Rq* 



# fla'j^Sfl [1] 



where we still denote by p the projection 



This definition can be 



simplified if we assume that Sf is a constructible sheaf: then is a local system 
near oo, and we have Ro' lf p~ x 'S = a'^p^ 1 ^. Moreover, (5\a'^p~ Xc S commutes with the 
restriction to r G A 1 *, that is, denoting by L'~ the intersection L'~ HP 1 x {r } and 
by a' To ,l3' To the corresponding inclusions, we have (P'a'^p -1 ^)^! X / T i = |Ci4 o 
By base change for a proper morphism, we then have 



i+i; 



(3[Ra^p 



If $ To denotes the family of closed sets of A 1 , the closure of which in P 1 does not cut 
L'+ , we have by definition 



Let us now assume that Sf is a C-perverse shear 3 a Then H- 1 (P 1 , f)' T ,0^^) = 
for j — F 4 a In other words, the complex Sf has cohomology in degree —1 only. Up 



( 3 ) We refer for instance to [§] for basic results on perverse sheaves; recall that the constant sheaf sup- 
ported at one point is perverse, and a local system shifted by one is perverse, see e.g., \S\ Ex. 5.2.23]. 
Let us notice that, in this paragraph and in the next one, one can work with Q-perverse sheaves. 

( 4 ) This can be proved as follows: using the structure theorem for perverse sheaves on A 1 , on reduces 
to the case of a sheaf supported on some pj (trivial), and to the case of where Y is a 
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to a shift by — 1, it is a local system on A 1 * with fiber at r equal to H% (A 1 ,^). 

Hence & is a smooth perverse sheaf on A 1 *. 

The Laplace transform with kernel e tT is defined similarly, using L"^- obtained with 
Re(W argt ) s$ 0, by replacing a',/3' with a",/3". 

Let us notice that L'~ H L"~ = A 1 x A 1 *. 

Topological Fourier transform of a sesquilinear pairing. — Let C S\ ( S" be C-perverse 
sheaves on A 1 . Recall that we denote by P C the constant sheaf shifted by the dimension 
of the underlying manifold. 

Let us assume that we are given a morphism (in the derived category of bounded 
complexes with constructible cohomology) ks ■ ®c — > We then get a 

morphism 

(1.9) PHP' 1 !?' ®c Pl'a'lp-^" — ► £fC Alxll ,. 
For any r 6 A 1 *, we obtain a sesquilinear pairing 

(1.10) k~B To i^Jtf.^^HljA 1 ,^) ^ff c 2 (A\C) ~C 

using that a closed set in A 1 is both in $ To and $_ To iff it is compact. This pairing 
defines a sesquilinear pairing at the sheaf level between local systems: 

(1.11) ks i^isihijaci-^Vb 1 ] — >c S i. 

Computation of & ' . — We keep notation as above and we set M = M', M" and = 
DR an M[l], which is a C-perverse sheaf, if DR denotes the usual de Rham functor. 
Let us assume that we are given a sesquilinear pairing k. In order to compare ks and 
ks, we need to consider a space where both pairings are defined simultaneously, and 
to sheafify the construction of k on this space. We will work on P 1 x A 1 *. 
Let us first recall the natural identification of local systems on A 1 * 

(1.12) ~ f, 
when M has a regular singularity at infinity. We have 

9 = DR an (A^ T#0 ) = DR an (l>, V). 

By restricting (II. 2[) to r ^ 0, we find Mi T ^o = q + (p +r N[{*oo)£'~ tT ) , and we have, 
as q is proper (so that we can use GAGA relative to P 1 ), 

(1.13) f = i?g*(DR an (p+M(*ooK-* r ))[l]. 

If A is a subset of P 1 x A 1 *, we denote by A* its intersection with A 1 x A 1 *. Let 
K be a compact set in P 1 x A 1 * and let (p be a C°° function on A 1 x A 1 * supported 
in K*. One sets 

<#M= E W k d>\\ L ~» 

l«l<p 



local system on A 1 \ {pi, . . . ,p r }; clearly, there is no HQ (A 1 ,^*^) and, by duality, there is no 
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where a is a multi-index indicating derivations with respect to t,t, t,t. 

In order to give a realization of the complex (| 1 . 1 3|) . we introduce the following 
sheaves on P 1 x A 1 *. We will not distinguish between distributions and currents, by 
fixing the volume forms dt A dt and 4- dr A dr. 

— The sheaf (C°° functions on A 1 x A 1 * with compact support in P 1 x A 1 *, 
with rapid decay, as well as all their derivatives, along e (co)): for any open 
set U C P 1 x A 1 * and any compact set K C U, <p G #~<° ^, K (U) iff <p G ^°°{U*) 
has support in K* and, for any peN, -^pif) < +oo. 

— The sheaf (f-? 10 - (C°° functions on A 1 x A 1 * having moderate growth, as well as 
all their derivatives, along e _1 (oo)): a section ip G ^.(C^) is a C°° function 
on {/* such that, for any compact set K C U and any p G N, there exists an 
integer TV = N(K,p) such that || |i| v||c P K < 

— The sheaf S~^° x ■ same as above, with compact support. So <p has support 
in some K and for any p there exists AT = N(p) such that || |^| — 27V < +oo. 

— The sheaf d'-? 10 'i l an : the subsheaf of $~™ d ~ of functions which are holomorphic 
with respect to the r variable (i.e., killed by cV). Using a Cauchy-type argument 
with respect to r, it is enough, to control the moderate growth of the derivatives 
with respect to t, t. 

— The sheaf srf^°\ : the subsheaf of <S^}°%, of functions which are holomorphic 

^ pixA 1 * P^A 1 * 1 

on A 1 x A 1 *. Using a Cauchy-type argument, it is enough to control the moderate 
growth of the function itself, not its derivatives. 

— The sheaf Sbf^, : for any open set U of P 1 x A 1 *, the space Db mod (C7) is the 
space of linear forms on (£5° ~ (U) such that, for any compact set K C U, 
there exists p £ N and C ^ such that, for any <p G ~, (U), one has 
|(«,V>I<^). 

— The sheaf s „: for any open set U of P 1 x A 1 *, the space Sb <0 (t/) is the 
space of linear forms on ji» (U) such that, for any compact set K CU and 
for any integer iV 0, there exists an integer p = p(A", AT) and a number 
C = C(K,N) > such that, for any tp G ^ od (C/), one has | (u, \t\ 2N <p) \ ^ 
C\\p\\ CP . Let us notice that ®b <a (U) C Db{U). 



Proposition 1.14. — The previous sheaves are stable by the derivations dt,di,d T ,c\. 
Moreover, 

(i) We have = <V x £.(*oo) and We^f^ = for j > 1; 

(ii) TTie Dolbeault complex is a resolution of ^^°% Xll , that is, c\ : 

^mo ,an _^ ^mo ,an ^ on £ an d j£ s kernel is srf^°\ . 
PixA 1 * P^A 1 * P^A 1 * 

(iii) The complexes DRSb™^, and DRQb~® ^ are resolutions o/Cp lx j 1 » and 
i\C M x £ lH , respectively. 
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[Let us notice that the moderate Dolbeault complex can be computed with c\ because, 
if t' is a local coordinate on P 1 at oo, we have dzr — —t c\, and multiplication by t is 
an isomorphism on e>~, ~ . 

Indication of proof. — For the first point, see e.g., [191 Cor. II. 1.1. 8]. The second 
point is analogous to Prop. II. 1.1. 7 in loc. cit., as well as the third point. □ 

We can compute (|1.13|) at the level of P : by the projection formula and Lemma 
U.14t |H). the right-hand term of (|1.13[) is isomorphic to 

i^(DR mod (p+M(*oo)#- tT ))[l], 

where DR mod is the de Rham complex of 

Lemma 1.15. — The complex DR mod (p + M(*oo)(o'~ t ' r )[l] is a resolution of 

Proof. — Analogous to |15l Appendix A] . □ 
The identification (|1.12[) is obtained by using Lemma Tl. 151 

(1.16) i?^(DR mod (p+M(*oo) ( f- tT ))[l] = Rq^a'.p- 1 ^) = F[-l]. 
Using Dolbeault Lemma Il.l4[fu]) . the g*-acyclicity of and the ^pi x £i*- 

flatness of p + ^'(*oo)£'~ tT near {oo} x A 1 *, we find that the previous complex is 

(1.17) 5*(<%7 x d ir 1+ * ® e- 1 [P + M(*oo)^*1). 

Comparison with the analytic Fourier transform 

Proposition 1.18. — Under the identification (|1.12|) (and its complex conjugate for 
t+M" ), we have fee = kg. 

Proof. — We will sheafify below the construction of k. Let us begin with a basic fact. 
Let T) = x(t,r)dT A df be a 2-form, with \ G ^"^(P 1 x A 1 *) having support in K. 
We denote by F T (rj) — fj> e tT ~ tT i] its Fourier transform relative to r. It is a function 
of t. 

Lemma 1.19. — With these assumptions, for all integers p and N 0, there 
exist q = q{K,p, N) £ N and C = C(K,p 7 N) > such that 



JK p {F t (ji)) ^C\\\t\- 2N X \ 



Cp+i ' 



Proof. — This is a variant of the fact that t \— > jji e tT tT ip(r) is in the Schwartz class 
when ip has compact support. □ 

Lemma 1.20. — Let U be an open set of P 1 , U be an open set of A 1 * and u be 

a moderate distribution on U (relative to e _1 (oo) D U). Then the correspondence 
<? c mod ([/ x U)dr Adf9i]H (u,F T {rj)) defines an element ofZ)b <a (U x U). 
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Proof. — As u is moderate, for any compact set L of U there exist p and a constant 
C > such that, for any function tp 6 ^°(U), one has \(u,<p-^dt A dt)\ ^ CjY p (ip). 
One can take <y5 = F r (ij) and L = projection of K; ip has rapid decay, as well as all 
its derivatives, after the previous lemma, and one gets, for any N 0, 

\{u,F T (r)))\ < C'(^,p,7V)|| |ir 2Ar x|| CP+2J v- □ 

The sesquilinear pairing k : M' ® M" — * ^'(A 1 ) can be sheafified to give a pairing 
k : M'(*oo) ® M"(*oo) -> 2b^ od . For any a,b E {0,1,2}, we define a pairing 
fc_B between sections of ® £ _1 [ri° 03 p+M'^oo)^ - * 1 "] and sections of 

^""'d ® e- 1 [S1 & 1 _ ® p+M"(*oo)(f tT l with values in the sheaf of a + 6-currents 
Sb-, '^ by setting, for any 4 — (a + 6)-form ri with coefficients in <fi" oc L with 
support in the open set where the sections are defined, 

i,j A1 * 
We note that the right-hand term is meaningful because of Lemma 11.201 

Lemma 1.21. — The pairing ks induces a pairing of bicomplexes 



DR mod (p+M'(*oo) f r-* r )®DR mod (p+M"(*oo)^) — ► Vb-^'J 

and induces (|1.9[) . as obtained from (|1.1|) . at i/ie /ei»e? of the associated simple com- 
plexes. 

Sketch of proof. — The first point follows from the scsquilinearity of k. By Lemma 
EUl the left-hand term is a resolution of /^aljr 1 J*"'[-l] ® c ft' a'lp^W^l-l], and 
by Proposition 1 1 . 14lHii|) . the right-hand term is a resolution of £\C A1 x £i,- As, in any 
case, the morphism induced by ks coincides with ()1.9|) along e~ 1 (oo) (where both 
are zero), it is enough to show the coincidence locally on A 1 x A 1 *, where the result 
is standard. □ 

In order to compute analytically the pairing fcs, we resolve the de Rham complexes 
above with coefficients in ja£!™ oc L by C°° de Rham complexes with coefficients in 

^P^xXi* 1 * n orc ^ er t° get Q-acyclicity. Then, ks is obtained by applying to the 
pairing 



(1.22) fe^p 1 ® e-i[p+M' 



VxJ' 

pixA 1 * 



Comparing then to (jTTTJ) , we get the assertion of Proposition [TTTgJ □ 
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I.e. Twistor conjugation and twistor sesquilinear pairings. — We now work 
on the projective line P 1 equipped with two affine charts fig and f2oo, and we denote 
by z (resp. z') the coordinate in the chart f2o (resp. f2oo) with z' = 1/z. 

Twistor conjugation. — In this setting, we denote by c the conjugation functor con- 



sidered in §[La|and, if a : P 1 — > cP 1 or cP 1 — > P 1 is the marJ^I z h-> —l/c(z) or 



c(z) i— > —1/z, we denote by the functor <r*c. We call it the geometric or twistor 
conjugation functor. 

For instance, if Jf? is a &q -module, then Jif is a -module. 

In the following, we denote by S the circle \z\ = 1 and by the sheaf-theoretic 
restriction ^n |S (which can be identified with the sheaf of complex valued real- 
analytic functions on S). 

Twistor sesquilinear pairing and objects of M- Triples (pt). — Let M" be two 
^n -modules. A (twistor) sesquilinear pairing between these modules will be by 
definition a £?g-]inear morphism 



c •. jtf s ® jqg — > e s . 

In [221 § 2 . 1 . b] , we have denoted by ffl- Triples (pt) the category of such triples 

We say that such a triple is integrable if Jif", Jif" are equipped with a meromorphic 
connection having a pole of order at most 2 at z — and no other pole (i.e., if they 
are equipped with an action of z 2 d z ) and if the sesquilinear pairing C satisfies 



(1.23) zd z C(m', to") = C(zd z m', m") - C(m', zd z m"), 

where the action of zd z on J^ s is defined as that of z" 
on ffs is the natural one. We denote by ^int-Triples(pt) the category of integrable 
triples. 

Denote by Jzf' C J0j^t o , JSf" C ^"^o ^ ne l° ca l systems ker z 2 d z . The local system 
attached to J$?" on z ^ is then u~ x cJ£" . Let us notice that, when restricted to S, a 
is equal to l (introduced in § 11. a|) and that, when restricted to the local systems, the 
sesquilinear pairing C takes values in the constant sheaf Cs C &s defined as ker zd z . 
Therefore, the sesquilinear pairing of an object of ^int-Triples(pt) is determined by 
the C-linear morphism (its restriction to horizontal sections): 

(1.24) C:ifj' s « c ^s — >C S . 

Polarized twistor structures of weight 0. — Let be two vector bundles (of 

the same rank) on firj- We say that the object (J^",J^f",C) of Triples (pt) is a 
twistor structure of weight if C defines a gluing between Jif" v (dual bundle) and 
Jf?" (in other words, C is nondegenerate) and if the resulting vector bundle on P 1 is 
trivial (as we assume that the weight is 0). 



( 5 )where we use the notation c for the usual map sending a complex number to its conjugate, not to 
be confused with the conjugation functor or the conjugation morphism, also denoted by c. 
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A polarization is then an isomorphism (that we usually assume to be the identity) 
between Jg" and M"' (cf. [22, §2.1.c]) such that, if we set ^ = M" = Jf", the 
sesquilinear pairing C : Jt\s ^>e s ~ * &s is Hermitian (i.e., C(m, ~p) — C(fj,,m) 
for local sections m of M\s and fi of a and positive definite, i.e., there exists a 

C- vector space H c r(Oo,^) such that 

— = ffn ®c H, 

— C sends H ®c H to C C T(S, (hence induces a Hermitian form in the usual 
sense on H), 

— and is positive definite as such. 

Twistorization. — We will often use the following procedure, that we call twistoriza- 
tion, which replaces a usual sesquilinear pairing as in § 11. al with a twistor sesquilinear 
pairing. 

We consider the affine line with coordinate 9. Let us assume that we are given a free 
C[#]-module Go of finite rank, equipped with a connection V having Poincare rank 
one at the origin (i.e., a pole of order two) and no other pole. We do not make any 
assumption on the behaviour of the connection at infinity, that will be lost anyway. 
Let us also assume that G := C[8, <8>qe] Go is equipped with a sesquilinear pairing 
s : G an ®^ c » t+G an — > < £p? as in ()1.3|) . compatible with the connection. 

Definition 1.25 (Twistorization). — The twistorization (&,&,C) of the data 
(Go, V, s) is the following object of ^int-Triples(pt): 

— <S = Gg n , equipped with V an (the analytization of (Go, V)), and the variable 9 
is renamed as z; 

— the twistor sesquilinear pairing G : S?|g ®e s S^js - * (where is the twistor 
conjugate of is obtained from (|1.24|) , where we take for ££' = Jz?" the local 
system ker V an and for G the restriction of s to this local system, when restricted 
to S = {\z\ = 1}. 

We equip this object with the sesquilinear duality — (Idj^,Idjsf ). 

l.d. Fourier-Laplace transform of a filtered C[t](9t)-module with a 
sesquilinear pairing. — In this paragraph we associate to any holonomic 
C[t](9t)-module M equipped with a good filtration F.M and a sesquilinear pairing 
k : M ® c M — > ^'(A 1 ) an object (G , V,s) as in Definition 11.251 in order, through 
the twistorization, to get an object {M 3 , G) of ffl int-Triples(pt). Let us note that 
(G an , V, s) has yet be obtained in (|1.3p . and we are left to define Go- 

Saturation of lattice in a holonomic C[t](dt) -module. — Let M be a holonomic 
C[t](9t)-module and let L be a lattice of M, that is, L C M is a C[i]-submodulc of 
finite type and M = C[9t] • L (notice that the generic rank of L as a C[t] -module may 
be strictly smaller than that of M). We set G := M^ 1 } = C[t](d t , d^ 1 ) ®c[t](d t ) M 
(it is known that G is also holonomic as a C[f](9t)-module) and we denote by 
loc : M — * G the natural morphism (the kernel and cokernel of which are isomorphic 
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to powers of C[t] with its natural structure of left C[t](9 t )-module). Let us set 

(1.26) Gf'^VMi). 

This is a C[d t _1 ]-submodule of G. Moreover, because of the relation [t, d^ 1 ] — (d^ 1 ) 2 , 
it is naturally equipped with an action of C[t\. If M has a regular singularity at 
infinity, then G ( a L) has finite type over C^ -1 ] (cf. 20, Th. V.2.7]). 
For any £ ^ 0, we set Li = L + ■ ■ ■ + d[L. We also have 

Moreover, for any I £ Z, let us define G^ as d^G^ C G. Then we have, for any 
00, 

(1.27) G? ) = J2 VM^) = J2 dp&c(Lc +j ), 

and therefore G = C[d t ] ■ G { Q L) (and thus G = C[d t ] ■ G\ L) for any I E Z). 

The case of a filtered C[t](d t ) -module. — Let us now assume that (M,F,M) is a 
C[f](dt}-module equipped with a good filtration. Let po 6 Z. We say that F.M is 
generated by F po M if, for any £ ^ 0, we have F P0 +tM — F Pa M + ■ ■ ■ + dfF po M. In 
other words, setting L — F po M, L is a lattice and F po+ iM — Li for any £ ^ 0. We 

notice that the C[9 t _1 ] -module G^ p( ^ = d^ Po GQ Fp °^ does not depend on the choice 
of the index pq, provided that the generating assumption is satisfied. Indeed, setting 
V = F po+1 M = Li, we have G< £#) = d t G[ L) = G[ L) by (TOTD, hence G^+J) = 
G^L*°\ We thus set 

(1.28) Cq F *^ = G^^ for some (or any) index p a of generation. 

If we also set 9 = <9 t ~ , then Gq is a free C[6] -module which satisfies 
G = C[9, 9~ x ] *S>c[9] Gq F '^ and which is stable by the action of 9 2 dg = t. 

Definition 1.29 (The basic correspondence). — If (M,F.M,k) consists of 

— a holonomic C[i](9f)-module M which is regular at oo, 

— a good filtration F.M of M, 

— a sesquilinear pairing fc : M <S>c M — * ^'(A 1 ), 

we associate to such data an object (J#',Jj?,C) of -^hit-Triples (pt) by using the 
twistorization process of Definition 11.251 applied to the filtered Laplace transform of 
(M, F.M): 

— we set Jif = Gq (the analytization of the object defined by (|1.28| ). by 
renaming z the variable 9 = r _1 = , and we define the action of z 2 d z as 
being that of t, 

— the sesquilinear pairing (jT75j) induced by F t k is now regarded as a sesquilin- 
ear pairing (|1.24[) . and therefore defines an integrable sesquilinear pairing C : 

J#\S ®ff s «^fs —* 
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Remarks 1.30 

(i) In such a correspondence, if k is Hcrmitian, then so is C. 

(ii) If M is assumed to have only regular singularities, then we may replace the 
datum of k with that of the topological ks- According to Proposition 11.181 and 
Lemma ll.8[ the sesquilinear pairing C is induced by ^kg. 

I.e. A criterion for the polarizability of (^,^,(7). — In order to under- 
stand the basic construction above, it is useful to associate to (Af, F.M, k) an object 
of 2% int- Triples (A 1 ) before taking Fourier-Laplace transform. We will first work alge- 
braically in the coordinates t and z. 

The Rees module of a good filtration. - Denote by R F M the Rees module 
©fei 7 fcMz fe , where z is a new variable. We have R F M C C[z, ®cM and moreover 



Clz^- 1 ] ® CH R F M = Clz^- 1 } ® c M. This is a C[t, z](5 t )-modul<0 (S t acts as 
z (g) dt). It is integrable, the z 2 9 z -action being the natural one. 

We define the conjugate object in a mixed sense: we use the standard conjugation 
with respect to the t-variable and the twistor one with respect to the z-variable. In 
particular, the conjugate C[z, <E>c M is C[z, <E>c M with the twistor-conjugate 
structure of C[z, z _1 ]-module. 

If k is a sesquilinear pairing on M, then we extend it by C[z, z" 1 ] -linearity as 



(1.31) C : (C[z, z- 1 ] ® c M) ® C [,,,-i] (C[z, z' 1 ] ® c M) — » C[z, z" 1 ] ® c ^'(A 1 ). 
Clearly, C satisfies the integrability condition like (|1.23p . 

Extension to P 1 and analytization. — Recall that we denote by (*oo) the effect of 
tensoring with & v i(*oo). In particular ^ P i(*oo) denotes the sheaf of analytic differ- 
ential operators localized away from infinity. We will similarly consider the sheaves 
i?F^pi(*oo) (Rees sheaf of ring associated to the filtration of @pi by the order 
of differential operators, localized away from infinity), its subsheaf Rf&w 1 (*oo) = 
C[z] <8>c ^jpi(*oo) and &gni(*oo) (analytization of R F £)pi(*oo) with respect to z) as 
in [22j . where we denote hy the space P 1 x fio with its analytic topology. 

To M one associates the sheaf M(*oc) of ^pi(*oo)-modules, and to RpM one 
associates iZp\JVC(*oo). The Sign. (*oo)-module obtained from i?pM(*oo) by ana- 
lytization with respect to z is now denoted by ^#(*oo): we have, by definition, 
^(*oc) = <^>i(*oo) Oflp^^oo) R f M(*oo). 

Let S)bpi be the sheaf of distributions on P 1 . Then 5?' (A 1 ) is nothing but the 
space of global sections of 35bpi(*oo). Formula (| 1 . 3 1 [) can be sheafified to produce a 
sesquilinear pairing 



C : ^#(*oo)| S <8>^ s ^(*oo)| S — > Sb P i xS /s(*oo), 



(6)\y e denote by C[t, #](9t) the Rees ring associated to the nitration of C[t]{dt) by the order of 
operators, where we forget the grading; it is the free algebra generated by the polynomial algebras 
C[t, z] and C[9t] modulo the relation [Bt,t] = z. 
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where J)bpi x g/s denotes the sheaf of distributions on P 1 x S which are continuous 
with respect to z £ S (see e.g., [221 § 0.5]). 

Main Theorem 1.32. — Let M be a regular holonomic C[t](dt) -module equipped with 
a good filtration F.M and a sesquilinear pairing k : M ®c M — > ^'(A 1 ). Let us 
assume that the associated object («/#(*oo), ^0(*oo), G) of ^int-Triples(P 1 )(*cxD) is 
the localization away from oo of a polarized regular twistor S> -module of weight on P 1 
with polarization (Id, Id) (ci. [22 Def. 4.1.2 and 4.2.1];. Then the object (Jf,J^,C) 
associated to (M, F,M,k) is an integrable polarized twistor structure of weight with 
polarization (Id, Id) . 

Let us express the result without using the language of twistors when po = 0. 
Denote by 8 the variable r _1 . Then Go associated to Mq = FqM is a free C[0]-module 
of finite rank \i, equipped with an action of 8 2 dg, induced by the action of t. Denote 
by A the closed disc {\6\ ^ 1}. Then, there exists a &(A)-basis uj = (u)\, . . . , u^) of 
F(A, Gq 11 ) such that, for any i,j = 1, . . . the function S 1 9 th Ftk(u>i,UJj)(T) is 
constant and equal to the Kronecker symbol 5ij (where ZuJ is computed in the twistor 
sense) . 

Let us notice that the basis oj is in general not contained in Go (which is a natural 
C[6>]-submodule of r(A,Gg n )), i.e., cannot be obtained by an algebraic base change 
from a basis of Go- In other words, Go and C{6] ■ u> correspond to distinct algebraic 
extensions of Gg n . Indeed, on the one hand, the connection do on Go has a regular 
singularity at 8 — oo (as M has a regular singularity at r = 0). On the other hand, 
the connection d$ on C[0] - a; has an irregular singularity at 9 = oo as soon as it has 
an irregular singularity at 8 = 0. 

Examples 1.33. — Let us explain the main theorem in the two elementary exam- 
ples [TU 

(i) In Example ll.61 p]). we can take FqM = C • to, which generates a good filtra- 
tion. We have M = C[r]<f- CT , G = C[r, t^V^, and G is the sub C[0]- 
module generated by to. We search for ui £ Gq" of the form f(0)m. We have 
F t k(m,m) — e CT ~ CT = e c /°- c / e . When restricted to \6\ = 1, this is written as 
e ce-c/e Going to the twistor variable 8 \— > z, and using twistor conjugation, 
this is written as f(z)f(z) with f(z) — e cz . We can then choose u> = e~ c6 m. 

(ii) In Example II. 6[fu]) . m remains a generator of Go and, as |r| = 1 on S , we can 
take to = y/T(-a)/T(a + 1)to. 

2. Proof of the main theorem 

Let M be a regular holonomic ^pi -module equipped with a good filtration F.M. 
and a sesquilinear pairing k : M <E>c M — ► 2)bpi. All these data can be localized away 
from oo and, by taking global sections, we obtain (M, F.M, k) as in the main theorem. 
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2. a. The Rees module and its Laplace transform. — We consider the Rees 
module RfM associated to the filtration F.JA,, and its analytization (with respect 
to z) that we denote by The conjugation is now taken in the usual sense with 
respect to the variable of P 1 and in the twistor sense with respect to the variable z 
as in §0(cf. [22, § 1.5. a]). 

As in § 11. el we construct a sesquilinear pairing C : ®e s -^is ~~ * £)bpi x s/s 
from k. Localizing away from oo gives the situation considered in § 11. c[ 

The assumption made in the main theorem is that there exists (M, -F.M, k) such 
that the object (^, M , C) (equipped with the isomorphism y — (Id, Id)) is a polar- 
izable regular twistor £F- module of weight 0. 

Then, by Theorem 1 in 21 (with its correction in the erratum to [21] ). the Fourier- 
Laplace transform (./#, C) of (./#, C) with polarization (Id, Id) is a polarizable 
regular twistor ^-module of weight on the Fourier plane with variab le r , equipped 



with its analytic topology (that is, forgetting the behaviour at r = oo T 7 - 1 ! . In partic- 
ular, its fibre at r = 1 is a polarizable twistor structure of weight 0. 

The proof of the main theorem therefore reduces to the identification of this fibre 
with the object constructed in § 11. dl 

2.b. Laplace transform of the Rees module of a good filtration. — We keep 
notation of §§ ll.dl and ll.el The Laplace transform RpM of RpM is by definition the 
C[z]-module RpM equipped with the action of C[r, z](5V) where r acts as St and 3 T 
as — t. 

Lemma 2.1. — The localized Laplace transform C[r, r — 1 , z] ®c[r.z] RpM with its nat- 
ural C[r, r _1 , z](d T ) -structure is isomorphic to C[t, t -1 ] ®c Gq F '^ equipped with the 
following structure: 

— the C[r, r -1 ]- structure is the natural one, 

— the multiplication by z is given by z-(r e ®g) — T i+1 ®{d^~ 1 g), i.e., z- = (rfgic^ -1 )-, 

— the action of 9 r is given by 3 T (r^ ® g) = t 1 ® [{Id^ 1 — t)g], i.e., 

5V • = z ■ (d T <g> 1) - 1 ® * = r<9 r ® 3 t _1 - 1 <8> i- 

We see in particular that the fibre of RpM at r = 1 is nothing but Gq F *' ) with the 
C[z] action defined by z ■ g = d^~ 1 g. 

Proof. — By definition, RfM is included in C[z, z _1 ] ®c M, and the action of r is 
induced by z ® 9t • By localization we thus have 

C^r- 1 ] ® c[r] (C^ 1 ] ® C M) = C^z^ 1 ] ® c M[3t\ 

where r still acts as z®dt- The localized module C[r, t _1 , z] CSc[t,z] RfM is therefore 
equal to the submodule of C[z,z _1 ] ®c M[i9 t _1 ] generated by the r~^loc(Rp M) for 
j 0. The coefficient of can be written as ^2j >0 (d^ 1 y\oc(Fg + j). If po is a 



f 7 ^More precisely, the proof in 1211 is given when the twistor object C) is simple and sup- 

ported on P 1 ; the case when it is supported on a point is easy, as it reduces to Example II. 33IH1 . 
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generating index, this is nothing but dfG^'' for any £ 6 Z (for £ ^ po use (|1.27[) . 



-Po 

a-li 



and for € < use also that, for any k s Z, we have loci 7 ^ C <9 t ~ loaFfc+i because 
c^-Ffc C The localized Rees module can now be written as (Beez(dt ) z e , 

and the correspondence T e <g) <? i— > d[gz l induces an isomorphism C[r, r _1 ] ®c Gq^*' 1 — » 
®t(zi{di Gq^z*. One checks that the action of C[t, t _1 , z] (3 t ) corresponds to that 
given in the lemma. □ 



Remark 2.2 (Integrability). — As RfM is naturally equipped with an action of z 2 d z 
(mez i— > £m^z ), its Laplace transform RpM is equipped with the twisted action 

m^z 1 i — > ^m£Z^ +1 + d t tmiz e = (d t i + t)miZ £+1 ; 

in order to understand this action, recall that RpM can be regarded as the cokernel 
of the map 

e tT/z od t o e - tT/z : C[t] ® c RfM — > C[r] ® c «fM; 

the action of 3 T , resp. z 2 d z , on this cokernel is induced by that of e tT l z o9 T o e~ tT / 2 , 
resp. e tT l z o z 2 <9 2 o e~ tr l z \ the latter is written as z 2 <9 2 + ir and is translated by the 
formula above. The localized Laplace transform also has such an action. On the 
model C[t, t -1 ] Cg>c Gq F *\ where the multiplication by z is given by the action of 
r <8> 3 t _1 , the action of z 2 <9 z is given by that of r ® t. 

We thus see that the fibre of RpM at r = 1, as a C[z] (z 2 <9 z )-module, is identified 
with Gq F *' with its natural structure of C[9] {9 2 de)-modvle (recall that we set 9 = <9 t _1 , 
9 2 de — t): z acts as 9 and z 2 d z as 9 2 dg. 

At this stage, we have identified the fibre at r = 1 of j$ (analytization of RfM) 
with its z 2 9 z -action, with GQ F "^' an (analytization of Gq F '^ with respect to 9) with its 
2 <9g-action. 



2.c. Identification of the sesquilinear pairings. — For any twistor ^-module, 
the sesquilinear pairing is defined away from z = 0. Let us begin thus by giving a 
more precise identification of RpM on the domain z ^ 0, t / 0. 

Let us localize with respect to z the module considered in Lemma 12. H If we 
first localize RpM with respect to z, we obtain the module C[z,z _1 ] ®c M. Then, 
localizing with respect to r gives C^z" 1 ] ®c Mld^ 1 ]. We also have a description 
of this module as C[r, r _1 ] ®c G if we set G = Midi 1 }. It comes equipped with an 
action C[r, r _1 , z, z~ 1 ]{d T , d z ) by localization of that on RpM . 

Let us denote 9 = r _1 and set rj = d^ 1 acting on G, so that t acts as rfd^. Let us 
give the explicit form of the action on C[r, r _1 ] <8>c G = C[9, 9~ x ] ®c G. The action 
of z is by (g> 77, that of d z is by 9®d n . On the other hand, the action of 9 is by 9® 1 
and that of dg is by dg ig) 1 + 6*" 1 ® = ® 1 + z(l ® 9^) (using that dg = —r 2 d T ). 

Consider the morphism p : C* x C* — > C* defined by (0, 2) <q = z9. Then 
the previous module C[0, ®c G is nothing but the inverse image (in the sense of 
^-modules) p + G, if G is regarded as a C[f?, rj -1 } (d v )-modn\e. 
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In particular, if denotes the local system attached to V = G an on C*, we see 
that the local system attached to R F M on C* x C* is ■p^'f ' . 

Let u be a temperate distribution on A 1 (coordinate t). One considers its Fourier 
transform J z u with parameter z G S and kernel exp[— 2i Im(tT/z)]j-dt A dt (also 
written as exp[-2i Im(ir/z)] A It belongs to the space ^'(A 1 x S/S), i.e., is 
a temperate distribution on the product A 1 x S which depends continuously on z E S. 

Let m, G M and u — k(m,~p) G ^"(A 1 ). Then, when restricted to r ^ 0, the 
distribution 3 z u is C°° with respect to (r, z) (being locally part of a horizontal section 
of an integrable connection). Working with the variable 9 = r _1 , we see that 3 z u is 
the inverse image via the map p : (9 , z) i— » r) = z9 of the usual Fourier transform of 
the distribution u restricted at rj^ 1 ^ (the kernel is exp — 2i lm(t/i])^dt A dt). 

The sesquilinear pairing k : M <g>c M — > 5?" (A 1 ) extends to a sesquilinear pairing 
(where conjugation is taken in the twistor sense with respect to the variable z) 

Rpk : RpM ®q z , z -i] RfM — > C[z, ® c J?" (A 1 ), 

(2.3) 

m p z p ®m q zi i — ► z p J q k(m p ,rn^) = (—l) q z p ~ q k(m p ,m^). 

By restricting ([2~3| to S we can define J z R F k : R^M\ S ®e s RfM\ s -* ^'(A 1 x S/S) 
by composing with the Fourier transform J z . If one also restricts to t / 0, one 
sees that such a sesquilinear pairing takes values in C°° functions. Let us notice that 
^zRpk was denoted C in [221 §8.2.c], as the definition of direct image of a twistor 
^-module involves a factor l/2m in the pairing. 

We wish to show that the restriction of J z Rf k to t = 1 (that is, 9 = 1) induces 
on Gq" the pairing defined by the basic correspondence. 

Recall that we set S 1 = {|r| = 1} = {\9\ = 1} and S = {\z\ = 1}. The restric- 
tion to horizontal sections on S 1 x S of the pairing J z R F k is a sesquilinear pairing 
{p~ 1 i / s 1 xs ®c (J ^ lc {p^ 1 ^ / )s 1 xs —* C, as p^y is the sheaf of horizontal sections of 
RpM on C* x C*. Recall also that, on S, we have a{z) = —\/c{z) = — z = l(z). 

If we use the involution i : rj — > —<q, we see that (3 r z Rpk)\s^xs is P of the 
sesquilinear pairing (F t k)B ■ ^s 1 ®C L ~ 1 ^ / \s 1 ~ * Cgi. The restriction to 6 = 1 (that 
is, r = 1) of S^zRpk thus coincides with (i^fc) # at the level of horizontal sections, as 
was to be proved. □ 



2.d. Dilatation. — We will now identify the fibre at r = r Q ^ of the twistor 
object (RpM^RpM^zRFk) by a similar computation. 

Let us fix A G C*. We denote by fj,\ : A 1 — > A 1 the multiplication by A . If (p is 
a function on A 1 , we have (/x^ <p)(t) — ip o /J,\ (t) = ip(X t). 

If _F is a C[i]-module, we identify fi* x F with the C-vector space F where, for 
m G F, the C[t]-action is given by p(t) ■ m = p(t/X )m. The fibre of /j,* x F at t = 1 is 
identified with the fibre of F at t — X . 

Similarly, if M is a C[t] (<9t)-module, the module ^ M is the C-vcctor space M 
with the previous twisted action of C[t] and d t ■ m — X d t m. 
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We then clearly have li^ M = [Aj-M and fi^ M = (J>y x M. 

If u £ ^'(A 1 ), we define fi x u so that, for any ip £ ^(A 1 ), one has {/j>* x u,ip) = 
|A Q p 2 (u,pL* l/Xo ip). We have fx^u = \\ \~ 2 Li* 1/x Ji. 

If k : M' (g>c M" — » 3" (A 1 ) is a sesquilinear pairing, we define ll* x k so that, for 
any m',m" £ M',M", we have {n\k)[m! ,m") = Li* Xo (k(m' ,m")) . Then fi* Xo k is a 
sesquilinear pairing on li x M' <g>c li x M". 

Given a filtered C[£] (c?t )-module with sesquilinear pairing [M, F.M, k), we denote 
by fi+ o {M,F.M,k) the object (li^M , li* k F.M , Li* x k) . 

Similar formulas can be obtained for the dilatation of a Rees module and its Laplace 
transform. We then obtain: 

Lemma 2.4. — The fibre at r = t q ^ of the twistor object (RfM, RpM, J z Rpk) is 
the object associated, through the basic correspondence of Definition [T725], to the triple 
H+ To (M,F.M,k). □ 

Remark 2.5 . — With this interpretation of /ij" , (M, F.M, k), Theorem 1 in [21] can 
be restated by saying that the family li^ t (M, F.M, k) (r £ C) corresponds, through 
the basic correspondence 11.291 to a variation of polarized twistor structure of weight 
having a tame behaviour when r D — > 0. 



Variations of polarized complex Hodge structure and 
polarized twistor ^-modules 



We will associate to any variation of polarized complex Hodge structure ( 8 ) 



of 

weight on P 1 x P (where P is a finite set of points) a set of data (M, F.M, k) 
as in the basic correspondence of Def. ll.29l In § |3.g| we will show that the assump- 
tions of the Main Theorem are satisfied for these data. This will allow us to apply it 
to a variation of polarized complex Hodge structure and obtain Corollary 13. 151 which 
is the main result of this section. 

The properties we want would basically follow from Schmid results [26j (at least 
if we assume that the local monodromies of the variation are quasi-unipotent; for 
variations defined over R, see |28l § 11]). Nevertheless, we will directly construct the 
twistor ^-module, using the general results of [27] , as translated in terms of twistor 
^-modules in [221 Chap. 5]. Our objective is to make clear the characterization of 
those polarized twistor ^-modules which come from a variation of Hodge structure. 
The study of smooth objects is made in § 13 .el and their extension to P 1 in § |3.g[ 

The variation of polarized complex Hodge structure we start with is a set of data 
defined on p lan \ p (cf. § 13. ap . We want to extend these data to P 1 . The problem 
is local near each puncture in P, so we work locally analytically near each puncture. 
We denote by X the disc of radius 1 centered at the origin in the complex plane with 
coordinate x and we denote by X* the punctured disc X \ {0}. 



(8)\y e restrict the study to weight for the sake of simplicity. 
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3. a. Variation of polarized complex Hodge structure on X* . — We consider 
on X* a variation of complex Hodge structure of weight 0, which is polarized. It 
consists in giving a C°° vector bundle H on X* equipped with a flat connection D, a 
decomposition H = (B p ezH p (H p is usually written as H p ~ p as the weight is 0) and 
a Hcrmitian metric h on H , satisfying the following properties: 

— the decomposition is orthogonal with respect to h and the nondegenerate Her- 
mitian form k = (B p (—l) p h\H P is D-flat, 

— (Griffiths' transversality) 

D"(H p ) C {H p ®H p+1 )® e -, Q^.. 
We define the (increasing) Hodge filtration F.H as 

F p H — ®q^~ p H q , 

so that D'FpH C F p+1 H ®g x „ Cl x ». 

We denote by (V, V) the holomorphic bundle with connection (ker D" , D') and we 
set F P V = F P H n V. We have VF p V C F p+1 V ®e x , Vl x , . 

The triple (H,D,h) is harmonic (cf. [27] ). the metric connection Dh (resp. the 
Higgs field 9) is obtained by composing D with the projection on the first 
(resp. second) factor in (|3.1[) . In particular, Dh respects the decomposition. 

Remark 3.2 (Twist and shift). — Let w be some integer. A variation of polarized com- 
plex Hodge structure of weight w consists of the same data H = @ p H p and the Her- 
mitian metric h, where one now defines k = i w (—l) p h on H p (which is written as 
H p ' w ~ p ), satisfying the same properties. Going from weight to weight w consists 
only in multiplying k by i w . 

If one shifts the filtration F. or the decomposition ® p H p by setting F[—£] p = F p+ i 
or H{-£] = ® p H p ~ e (£ E Z), the pairing k has to be replaced with k' = {-ifk. 

3.b. The ^-module associated to a variation of polarized complex Hodge 
structure. — We first extend the holomorphic vector bundle with connection (V, V) 
as a meromorphic vector bundle with regular connection on X. We denote by 
j : X* <-^* X the open inclusion. 

Theorem 3.3 (cf. l26l ) 

(i) The Gx -module (j*V^) mod C j*V of local sections of j*V on X, the h-norm 
of which has moderate growth near the origin, is free of rank rkV . We denote 
it by M[l/x}. 

(ii) The connection V is meromorphic on M[l/x] and has a regular singularity at 
the origin. 

(iii) Each term (j*V) b (b G Rj of the parabolic filtration of h at the puncture — 
defined as the (Jx-module of local sections v of j*V such that, for any e > 0, 
M 5 \\ v \\h * s bounded near the origin — is a locally free ffx-module of rank 
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(iv) The connection V is logarithmic on each (j*V) b . On (j*V) / (j*V) , its residue 
has b as unique eigenvalue. In particular, the filtration (j*V)' of (j*V) mod 



coincides with the (decreasing) Malgrange-Kashiwara filtration V (Mfl/x] 



(9) 



The parabolic filtration (j*V)' is decreasing and we will usually consider the asso- 
ciated increasing filtration (j*V) a = {j*V)~ a ~ 1 for a G R. 

Sketch of proof. — One reduces to variations defined over R in a standard way. Then 
the result is essentially proved in |26j (cf. also |28i § 11]). □ 

Remark 3.4. — The basic result of Schmid that the ft,-norm of D-horizontal sections 
has moderate growth near the origin is equivalent to saying that the harmonic bundle 
(H,D,h) is tame in the sense of |27j . Theorem 13.31 is proved in this more general 
setting of tame harmonic bundles in loc. cit. We will use the more general version 
stated at the level of twistor ^-modules in § |3.g| 

The ^x[l/^]-module with connection (M[l/a;], V) is thus a ^x-module with reg- 
ular singularity at 0. Denote by M its minimal extension at the origin: by definition, 
this is the ^x-submodule generated by (j*U)<o in M[l/x], For a < 0, the filtration 
(j*V)a of M i s no thing but the ^-filtration of Malgrange-Kashiwara at the origin, 



that we denoted by V a M 



3.c. Extending the sesquilinear pairings. — By definition (and by Cauchy- 
Schwarz), the metric h extends as a Gx ®c <^ ! x~ nliear pairing V<oM ®c V«jM — > 
L\ x (vol), where vol is the Euclidean volume form on X. Unless h is flat, this 
sesquilinear form, regarded as taking values in the sheaf 33 bx of distributions, is not 
S'x ®c %f-linear. 

On the other hand, the sesquilinear form k also extends as a sesquilinear pairing 
V<oM <8>c V^M, — > L 1 1 ocX (vol): this is seen, using Schmid's results, by considering 
the matrix of the base change between a horizontal basis of V, where k is constant by 
flatness, and a basis of V<oM; this will be also recovered in § |3.g| where we will also 
obtain: 

Proposition 3.5. — The sesquilinear form k is V$$)x ®c VaS^Y-linear and extends in 
a unique way as a £>x ®c ^x~linear form 

fc:M® c M — >m x - 

Remark 3.6. — To be more precise, the pairing k takes values in the subsheaf of 
regular holonomic distributions (cf. [12|, [3] for such a notion, which will not be used 
here). 



f 9 ' Recall that, as x is invertible on DVt[l/x], the Malgrange-Kashiwara filtration of DVt[l/x] is the 
unique filtration by locally free ^x-modules of finite rank such that the connection V on V b has a 
logarithmic singularity at with residue having b as unique eigenvalue. 

( 10 'The letter V here should not be confused with the previous notation, corresponding to the 
holomorphic bundle; it is the standard notation for the Malgrange-Kashiwara filtration. 
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3.d. Extending the Hodge filtration. — We wish to define a good filtration 
F.M on M, starting from the Hodge filtration F.V. We follow [23l §3.2]. We first 
set, for any 

(3.7) F p V <a M = j*F p V n ^ <0 M. 

This is clearly a i^-module (recall that V<oM = (j*V)<o)- In other words, a local 
section v of j*V on X is in F p V<oM. if and only if 

— v is a local section of j*F p V, 

- lim^o \x\ ■ \\v\\ h = 0. 

Let us notice that F P V <0 M = V <0 M for p > and that F p V <0 M = for p«0. We 
next define, for any p 6 Z, 

(3.8) F P M = ft? • F P ^V <0 M c M. 

This is clearly a ^-module, we have d x F p M C F p+ iM for any p £ Z, and F p M = 
for p«0. Let us also notice that F p Mfl V< M = F P V <0 M, as we have F P M C j*F p V, 
and that i _1 -F p M = F p K 
For any a < we have 

(3.9) F p F<oM n V a M = F P M n V a M = j*F p F n V a M. 

Indeed, the inclusions C are clear. On the other hand, we have j*F p V fl KM = 
(j*F p V ("1 V a M) n V <0 M = F P V <0 M n V a M. For such an a, there is no ambiguity to 
denote by F p VaM any of the expression in (|3.9[) . 

Proposition 3.10 

(i) For any p G Z, F p M is &X -coherent. 

(ii) TTie filtered 'Six-module (M, F.M) is strictly specializable at x = 0, i/iai is, 

(a) /or any a < and any pGZ, we /iawe x • F p V4M = F p V a _iM, 

(b) for any a —1 and any p, we have d x ■ F p gr^ M = F p+ i gr^ +1 M, where 
we set, as usual, F p gr£ M = (F p M n V a M)/(F p M n F <a M). 

It follows from jij that F p M is (locally) free as a ^x-module, as it has no Re- 
torsion (being contained in M[l/x]). 

Sketch of proof. — The ^?x- coherence of F p V^<oM is the main point. It can be ob- 
tained from Schmid's Nilpotent Orbit Theorem [26j . but we will recover it in § |3.g| 
The coherence of F p M follows, hence (P. For §u§, argue as in [231 Prop. 3.2.2]. □ 

3.e. The smooth polarized twistor structure associated to a variation of 
polarized complex Hodge structure. — Let (H, D, k) be a variation of polarized 
complex Hodge structure of weight on a Riemann surface Y (we will take Y = P 1 \ P 
or Y = X* , the punctured disc). Let (V, V) be the corresponding holomorphic bundle 
with holomorphic connection and F.V its increasing Hodge filtration, as in § 13. al 
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We associate with (H,D,k) as above the triple 3 = (RfV, RfV, Rpk), where 
RfV is the Rees module (Bk£_i.z k FkV and Rpk is the sesquilinear pairing obtained 
from k by twistor sesquilinearity over C[z, z^ 1 ] as in (|2.3|) : 

p,g 

Lemma 3.11. — The triple S? = (RfV, RfV, Rpk) equipped with the polarization 
.y = (Id, Id) is a smooth polarized twistor structure of weight 0. 

Proof. — It is enough to show that each fibre of 3" over Y is a polarized twistor 
structure of weight 0; we can therefore assume that Y is a point, so that there is no 
difference between V and H . We are reduced to finding a C[z]-basis e of RpV which 
is orthonormal for Rpk (cf. [221 Remark 2.2.3]). 

For any p, let e p be a /i-orthonormal basis of H p . Then (z p £ p ) pg z is the desired 
basis of RfV: that it is a basis is clear, and 

Rpk(z^Sp : i, Z^Sqj) — Z^Z k(s P) i, €qj)', 

this expression vanishes unless p — q, hence is equal to (— l) p k(e Pt i, £p~j) = 
h(e Pt i, £p,j) = Sij, if S is the Kronecker symbol. □ 

Remark 3.12 (Integrability). — It is easily seen that this object of 3%- Triples(y) is 
integrable: indeed, RfV is integrable (cf. Remark 1 2. 2 p and Rpk satisfies the integra- 
bility condition 

zd z Rpk(u,v) = Rpk(zd z u,v) — Rpk(u, zd z v). 

3.f. Characterization of polarized smooth twistor structures coming from 
variations of polarized complex Hodge structure. — Consider the analytiza- 
tion of the object (RfV, RfV, Rpk) constructed in the previous section, i.e., tensor 
it with over &y\z\. It takes the form (j$f",J$f',C), where J*f?" is a locally free 
^J^-module of finite rank. Is it possible to recover (RfV, RfV, Rpk) from its analy- 
tization, and how to do so? 

Proposition 3.13. — Let ST = (Jf',Jf',C) be a smooth object o/^-Triples(F). It is 
the analytization of a triple (RfV, RfV, Rpk) if and only if it satisfies the following 
supplementary properties: 

(i) is integrable, 

(ii) ffi" is relatively logarithmic, i.e., stable under zd z (and not only under z 2 d z ), 

(iii) the monodromy of the flat connection on Ji?/ Z ^. around z = is the identity. 

Proof. — The conditions are necessary: this clearly follows from the definition of the 
z 2 d z -action on RpV for I3.13t |i|) and dTTJ) ; localizing along z = (i.e., tensoring with 
6y\z, z" 1 ]) changes RfV to C[z, z^ 1 ] ®cV and the 9 z -action is trivial on 1®V. This 
gives (|iuj). 

Let us now consider 3" satisfying Properties 13. 13l ji|)- (|iii]) . We argue in four steps: 
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(a) We show that, locally on Y, there exists a basis of J^' z=0 as a €^| z=0 -module 
(where i a= o means the sheaf-theoretical restriction) such that the matrix of the 
connection in this basis is relatively logarithmic and takes the form Ddz/z + 
B(y, z)dy/z, where D is a diagonal matrix with integral entries and B is holo- 
morphic. 

(b) If Gk denotes the free ^V-module generated by the part of the previous basis 
corresponding with the eigenvalue k of D, the ^V-module J^. := ker[(z<9 z — k) : 
J^' z=0 — > ^ z=0 ] * s ec l ua l to © £eN Gk-ez e , hence is locally free. Moreover, 
the integrability of the connection implies that zd y ^k C &k+i- Setting V = 
ker[zd z : ^'[z _1 ]| z =o — > ^"[ z ~ 1 ]|z=o I we see that V = © feZ Gtz~ e is a locally 
free ^y-module filtered by the F k V := z~ k ^k = ®i<k Gez~ l 7 and that this 
filtration satisfies Griffiths transversality d y Fk C -Ffe+i- Let us also notice that 
the filtration F.V is the filtration by the order of the pole when V is considered 
as a subsheaf of J^"[z- X ]\ z=0 , that is, F k V = V D z~ k ,^' z=0 . 

(c) The morphism ffay\ z= o ®e Y RfV — > ^ z=0 sending Fuz h to J?/, is an iso- 
morphism of germs of bundles with mcromorphic connection. It extends in 
a unique way by horizontality as a morphism of bundles with connections 
6g/ ®e Y RfV — > M" . This morphism identifies (V,V), defined as kerz9 z as 
above, with Jtf" /(z — l)J^f" equipped with its natural connection. 

(d) The integrability property for C shows that, when restricted to J^s &>& 3 ^ilSi 
C is homogeneous of degree (k — £) with respect to zd z . Therefore, C takes the 
form Rpk for some sesquilinear pairing k on V. 

Let us indicate the proof of Step (jaj . This is a particular case of the Levelt normal 
form with parameter. Take a local coordinate y on Y and choose a local basis of 
Jtf' z _ . The matrix of the connection in this basis can be written as 

A{y,z) — + B{y,z)^-, 

z z 

where A and B are holomorphic. As the monodromy relative to z is unipotent (being 
the identity), the characteristic polynomial of A(0,y) is constant and its roots are 
integers. Therefore, one can assume that A(0,y) = D + N(0,y), where D is diago- 
nal with integral eigenvalues and N(0, y) is strictly upper triangular and commutes 
with D. 

Arguing as for the construction of the Levelt normal form (see e.g., [201 
Exer. II. 2. 20]), it is then possible to find a finite number of (possibly nonzero) 
holomorphic matrices Aj(y) such that [D,Aj] = —jAj (j e N*) and a formal series 

P(y,z) = Id +zP 1 (y) + --- 

where Pk (y) are holomorphic on a fixed neighbourhood of y = such that 

BP ^ ~ ^ 

z — {y, z) = P(y, z)-(D + N(0, y) + £\ z^A^y)) - A(y, z)P(y, z). 
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After the formal meromorphic base change with matrix P(y, z)z~ D , the matrix of zd z 
is N(0, y) + J2j Aj{y) (see e.g., loc. cit.) and therefore, restricting to curves y = y a 
and applying the classical theory of differential equations with regular singularities in 
dimension one, the monodromy around z = is exp — 27ri(.ZV(0, y) + Y] j Aj(y)). The 
assumption that the monodromy around z — is the identity is then equivalent to 
the vanishing of each term in the sum. 

Applying now the formal base change with matrix P(y,z) instead of P(y, z)z~ D , 
we find that in the new (formal) basis, the matrix of the connection is written as 

dz g, dy 
D h%z — , 

z z 

where B = P~ 1 BP + zP~ 1 dP/dy is a formal series in z with holomorphic coefficients 
in y. In particular, we have B(0,y) = B(0,y) and the integrability condition implies 
zdB(y,z)/dz = [B,D] + B. Expanding this equality with respect to powers of z 
shows that B is a polynomial in z with holomorphic coefficients in y. The new matrix 
has the desired form. 

Last, the formal matrix P is a horizontal section of a holomorphic bundle with 
meromorphic connection having regular singularities along z — (in order to justify 
this statement, let us remark that is so for its restriction to curves y = y ', we then 
apply the regularity criterion in [6]). It is therefore convergent. □ 

3.g. The polarized twistor ^-module associated to a variation of polar- 
ized complex Hodge structure. — Let (H, D, k) be a variation of polarized 
complex Hodge structure of weight on P 1 \ P. By the results of §§ 13. bl 13. cl and 
13. dl applied to the neighbourhood of each point of P, we associate to it a filtered 
^-module (M, F.M) on P 1 equipped with a Hermitian pairing k : M ®c M — > 2)b P i. 
The main result of this section is: 

Proposition 3.14. — The object of 2$,- Triples(P 1 ) associated to (JVC, .F.M, k) is a po- 
larized regular twistor ^-module of weight onP 1 . 

If (M, F.M) denotes the (global sections of) the localization away from oo of 
(M,F.M) and if k denotes the associated Hermitian pairing with values in ^'(A 1 ), 
it follows that the Main Theorem of §0 applies to (M, F.M, k): 

Corollary 3.15. — Let {H,D,k) be a variation of polarized complex Hodge structure 
of weight on P 1 \ P, let [M,F,M) be the corresponding filtered C[t](dt) -module 
and still denote by k the extension of k as a sesquilinear pairing M®cM — > ^'(A 1 ). 
Then the associated object (J4f, Jff, C) through the corresvondence \1.29\ is an integrable 
polarized twistor structure of weight with polarization (Id, Id). □ 

In order to prove Proposition 13.141 we will directly construct a twistor ^-module 
extending the one attached to the variation on P 1 \ P, and show that this object takes 
the form (i?pM, iipM, Rpk) for some filtration F on M and sesquilinear pairing k. 
We will then show that the filtration F and the sesquilinear pairing k coincide with 
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those defined in §§ 13. bl 13. cl and !3.dl This will give in particular the finitcncss results 
obtained there using Schmid's results. 

Extending (Jtf",j£",C). — Denote by (Jtf",Jtf",C) the analytic triple attached to 
(H,D,h) as in § 13. f| with polarization (Id, Id). We have yet seen that the results 
of Schmid imply that the harmonic metric h is tame near the punctures. In |22l 
Cor. 5.3.1] we have constructed, as a consequence of the results of [27] and [2], an 
object 3~ — (^, . /f . C) which is a polarized twistor ^-module if we take (Id, Id) as 
the polarization, such that it restricts to (J^',^f", C) on P 1 \ P. More precisely, we 
have also defined the extension V^^i C j*^ 1 ', which is a locally free i^^i-modulc 
(where = P 1 x £1 and £lo is defined in § 11. cj) . where j : P 1 \ P <—> P 1 denotes the 
open inclusion (and also the same inclusion after the product with Slo)- Let us notice 
that, as the eigenvalues of the local monodromies of (H, D) near the punctures have 
modulus equal to one (cf. [26] ). the ^-filtration constructed in |22j is defined globally 
with respect to z and not only locally near each z Q . We will show that (^#, Jl , C) is 
the analytization of some (i?i?M, Rpk). 

Extending RpV . — Let us first show the existence of RpV^M.. 
Lemma 3.16. — The zd z action on M" extends to V^^i . 

Proof. — Let us work near a puncture, with local coordinate x. Recall (cf. [221 
Cor. 5.3.1]) that V^^i is defined as the subsheaf of the germ at (0, z a ) of 

which consists of local sections m such that lim^^o \%\ ■ || m ]L*;j = ®i uniformly for z 
near z Q . 

Let X denote a small disc centered at x = 0, X* the punctured disc and X the 
closure of X. Choose an orthonormal basis (e p .j) of H on X , which is adapted to 
the decomposition H — (B P H P , and write m = J2 P j fp,j( x i z ) zP£ p,ji where each f p .j 
is C°° with respect to x G X and holomorphic with respect to z near z a . The action 
of zd z is given by zd z m = J2 P ,j(pfp,j + zdf P:J dz)z p e pd . 

The condition that m is a local section of is then equivalent to the fact 

that, for any p, j, the map z <— > [x i— > xf p j(x, z)z p ] is a holomorphic function from 
a neighbourhood of z a to the Banach space of continuous functions on X vanishing 
at 0. It is then clear, from Cauchy's inequality, that \x\ • HzdzmH^.^ ^ c \x\ ■ \\m\\^ h 
for some c > 0. □ 

It follows that V<o~>^( is a locally free ^ai-module with a meromorphic connec- 
tion V having regular singularities along its polar locus {z = 0} U (P x Sl ). Let us 
also notice that, as we have seen in § 13. fl the monodromy around z = is the identity. 

Lemma3.17. — Denote by V^oM the kernel of zd z acting on V<o»^\z=o[ z ~ ] an( ^ 
by F.V<:olVi the filtration by "the order of the pole in z". Then we have a natural 
isomorphism 6 'gei ®ff rl [ z \ RfV^qJA — ► V<qj$ , identifying (the restriction of) C 
with Rpk. 
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Proof. — Let us fix a local coordinate a; on a small disc X centered at a puncture 
and a local basis of V<o^# near the point (0, 0). The matrix of the connection in this 
basis can be written as 

A(x, z) h Blx, z) — 

z zx 

with A(x, z),B(x, z) holomorphic. 

The argument used in the proof of Proposition l3.13l extends to the present situation: 

— For Step (jlj), we can apply exactly the same arguments; at the end, we find that 
P is a z-formal horizontal section of a holomorphic bundle with meromorphic 
connection on 3£ having poles along {z = 0}U{a; = 0}; moreover, the restriction 
to the curves x = x a ^ and z = z a =/= of this bundle with connection has 
a regular singularity at the origin, as can be seen on its matrix; after Deligne's 
criterion in [6], the meromorphic connection has regular singularities; it follows 
that any formal solution is convergent. 

— Similarly, for Step (jbj). we apply the same argument, where the ^x-modulc 
kerzdz is now called F<oM instead of V. 

— The bundle Jifome^ \ G st: ®ff x \ z \ RfV^JA, V<o^) is naturally equipped with a 
meromorphic connection having regular singularities along {z = 0}U{x = 0}; we 
have constructed a germ of horizontal section of this bundle on X x A, where A is 
a neighbourhood of in f2 , which is an isomorphism of bundles with connection; 
it extends in a unique way by horizontality as a section on X* x f2 , and is at most 
meromorphic along {x — 0} x f2 ; it is in fact holomorphic along {x = 0} x Qq, 
being yet holomorphic along {x = 0} x A; this gives Step jcj); in particular, 
we have identified V^M, = ker [zd z : V<q^\ z =q\z~ x \ — > V<o.^| z= o[-2 ; ~ 1 ]] with 
V <0 ^/(z - l)V <Q ^ 

— the equality C = holds away from {x = 0}, and both are L\ oc along {x = 0} 
(cf. [221 § 5.3.c] for C), thus they coincide as sesquilinear pairing taking values 
in distributions, hence Step (JdJ) . □ 

Lemma 3.18. — The filtration F.T^<oM satisfies (|3.7p . 

Proof. — Looking back to Step (JbJ) in the proof of Prop. [XT31 the assertion is equiv- 
alent to saying that the order of the pole along z = can be computed away 
from {x = 0}. □ 

The minimal extension. — We now construct RfM.. We continue to work locally 
near a puncture. We denote j& = a:\x~ 1 ] ®e SK V<qJ& and we denote by Ji the 
^^r-submodule generated by V<o.# in M. It is clear that C is stable by 

zd z . Let us notice moreover that is so, according to the commutation relation 
zdJ5 x — <5 x (zd z + 1). We can therefore define M and M by the procedure above, i.e., 
by taking the kernel of the action of zd z on the z-localized modules. We similarly get 
a filtration F, on these modules. 

We have then R F M = X \ X ~ X ■, A ®ff x [ z \ i?F^<o^Vt and RpM is identified with the 
i?F^x-submodule generated by RpV^M, in RpJA. We conclude that M is a minimal 
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extension (i.e., ^x-generated by V<oM) and that F.M is a good nitration, as RfM 
is then clearly -Rp^x-coherent. 

By localization with respect to x of the isomorphism in Lemma I3.17[ we get an 
isomorphism G <% ®e x \ z \ RfM — ► ^ ', and by taking the submodules generated by 
R F V <0 M, we get G x ®e x [z] J£. 

Extending the sesquilinear pairing. — We have yet obtained a sesquilinear pairing k 
on V"<oM<g>c V<oM with values in Lj oc , such that the sesquilinear pairing C restricted 
to RfV^M iXiqz.z- 1 ] RfV^M coincides with Rpk. 

Consider local sections m',m" of F^M and FiM. Then C(m'z k ,m"z e ) = 
z k z e C(m' ,m") belongs to ®bxxs/s> and so does C(m',m"). But m',m" are ob- 
tained from V<oM by acting differential operators, ft follows that, by sesquilinearity, 
C(m',m") is a distribution on X (i.e., does not depend on z), as this is true on 
V<oM. We denote by k(m',m") this distribution. Then, clearly, k is the desired 
extension, and it satisfies C = Rpk. 

Description of the filtration F.M. — In order to end the proof of Proposition 13. 141 
it remains to identify the previously constructed filtration F,M. with that given by 
Formula IpTS]) . 

Taking the degree p part in z of the equality RfM. = Rf^x • R F V<oM of sub- 
modules of RfM. gives 

F P M = F k^x ■ F p _ k V <0 M in M, 
k 

which is exactly (|3.8[) . □ 



4. Application to cohomologically tame functions 
on smooth affine varieties 

4. a. Cohomologically tame functions. — Let U be a smooth complex affine 
variety of dimension n + 1 and let / : U — > C be a regular function on U. We say 
that / is a cohomologically tame function (cf. |18j ) if there exists a diagram 




where X is quasi-projective and F is projective such that, for any c 6 A , the support 
of the complex of vanishing cycles (f>F-cRK*Qu is contained in U. This implies in 
particular that the critical points of / in U are isolated. This also implies that the 
cone ^ of the complex k\Qu — ► Rk*Qjj is such that (^f-c^ — for any c 6 C, hence 
each cohomology sheaf of RF^ is (locally) constant on A 1 . We mainly use this last 
property, which has been considered by N. Katz |14[ Th. 14.13.3] in an arithmetic 
setting and in [18] in the complex setting (cf. also |1GL 1171 12] an d [EJ § 6.3]). 
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Remark 4.1. — There are many examples of cohomologically tame functions. 
Namely, if / is a polynomial on C n+1 , then it is cohomologically tame with respect 
to the closure X in P n+1 x C of the graph of / (contained in C n+1 x C if and only if 
it satisfies Malgrange condition (cf. 17 ). Polynomials which are tame in the sense 
of Broughton [4] are examples of this kind. Recall also that (Laurent) polynomials 
which are convenient and nondegenerate with respect to their Newton polyhedra are 
cohomologically tame. 

Recall that we denote by p Qu the complex Qu [dim U] . Let us recall some prop- 
erties of the complex Rf* p Qu- We denote by pi, . . . ,p r the critical values of / and 
by j : A lan \ {pi, . . . ,p r } A lan the open inclusion. We will use basic results con- 
cerning perverse sheaves and intersection cohomology, for which we refer to [8] and 
the references therein. We also use the nearby and vanishing cycle functors ipg^g 
relative to a function g (see loc. cit.), and their perverse counterpart p tp g — ip g [— 1], 
%=0 S [-1]. 

A basic point will be to compare the direct image Rf* p Qu with the direct image 
by F of the intersection complex ICx ( P Q) ■ 

Proposition 4.2 . — The perverse sheaf p Jf° Rf* p Qu shifted by — 1 is a sheaf, with 
fibre at c equal to H n (f~ 1 (c),Q). Moreover, there is an exact sequence 

glK*) — ► & x — > p ^° RF* IC X ( P Q) — > p ^° Rf* p Qu ^^2^0 

in the perverse category, where J^i, J^2 fl^e constant sheaves shifted by 1. Last, the per- 
verse sheaf p Jt?° RF* ICx( p Q) decomposes as the direct sum of two perverse sheaves: 

— j st i / \. t [l], where is the local system with fiber the intersection cohomology 
IH n (F" 1 (c),Q) on A 1 \ {pi, . . . ,p r }, 

— a sheaf supported on {p±, . . . ,p r }, each fiber being of finite rank. 

Example 4.3. — Consider the function / : C' i+1 — > C given by f(xo, . . . ,x n ) = Yl x i • 
We have r — 1 and pi = 0. 

- If n = 1, then *>Jf Rf^Qu = j! p Q A ^{ Pl ,..., Pr }, RF* IC X ( P Q) - ^*Qo, so 
y u = 0, = and J? 2 = PQ A i . 

- If n = 2, then p jf° Rf* p Qu = where f has rank one, p Jf RF* IC X ( P Q) = 

where ^f* has rank two, &\ has rank one and J^2 = 0. 

Proof. — The first point was proved in [18\ Th. 8.1(3)]; more precisely, to identify the 
fibre, we use that, if i c : F _1 (c) X denotes the closed inclusion and k c : / _1 (c) <^-> 
i 7 '~ 1 (c) denotes the open inclusion, then we have i" 1 Rk*Qu — Hre Ci *(Qf-i( c ): this is 
proved in pH Prop. 8.3(3)]. 

For the second point, let us first remark that the intersection complex lCx{ p Q) 
also satisfies the non-existence of vanishing cycles at infinity. Indeed, cohomolog- 
ical tameness for / is equivalent to the vanishing along X \ U of the complexes 
p 4>f-c v ffl l (Rk* p Qu) for all £, if p Jff e denotes the £-ih complex of perverse cohomol- 
ogy. This follows from the commutation of the functor p 4>f-c with the functors p Jff e 
(see e.g., |13l Cor. 10.3.13], where our notation p (f> corresponds to their notation <j>). 
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On the other hand, one has lCx( p Q) = K|* P Q[/ and k\^ p Qu is a perverse 
subsheaf of pJP°(Rk* p Qu). Therefore, *$ F _ c k\* p Qu is a perverse subsheaf of 
P(p F - c p Jf°(RK* p Qu), hence is zero on X \ U, 

In the same way one shows that, for all c 6 C, the cone of the complex ku p Qjj — » 
i?K* p Q(7 does not have vanishing cycles along F = c. This remains true after direct 
image by the proper morphism F, and thus the perverse cohomology sheaves of the 
cone ^ of the complex RF* ICx ( P Q) — ► Rf* p Qu are locally constant perverse sheaves 
(i.e., locally constant sheaves shifted by 1) on A lan , hence constant. 

On the other hand, still considering the vanishing cycles, one shows that the per- 
verse sheaves p Jf e RF* IC X ( P Q) and p Jt e Rf* p Q v = p J4? e RF*Rk* p Qu are constant 

if i^o. 

In the long exact sequence of perverse cohomology 



Pjf' 1 Rf* p ( 



\u — > p Jf° 
^ p ^° RF* IC x ( p { 



)) — > p Jf° RfSQu 
p Jf 1 ^ — ► p ^ x RF* IC X ( ? 



all the terms but those in the middle are constant sheaves (shifted by one), hence we 
get a short exact sequence :| l.l'l . ■ I 

The Decomposition Theorem [T| gives the desired decomposition. Let us show that 
the fibre of at c e A 1 \ {pi, ... ,p r }is the intersection cohomology IH n (F _1 (c), Q), 
and the morphism Y\^ c —>Y c is the natural restriction morphism IH n (F~ 1 (c), Q) — > 

^(/~ a (c),Q). 

To prove this statement, it is enough to prove that, in some neighbourhood of 
X \ U, we have, for any c G A lan , the equality i~ 1 n\*Qu = K c ,\*Qf-i( c )- Let us use 
the shifting convention for perverse sheaves. Recall that k c ,!* p Q/- 1 ( c ) is the image (in 



the perverse category) of the natural morphism p Jif k c 



i (c) -^ P Jf U K c ,* P ®f-i(c)- 



In some neighbourhood of X \ U, according to the non-existence of vanishing cycles 
of the complexes involved, we have, setting ^i^ 1 = 1], 



p Qu = p ipf- c K\* p Qu ( n0 vanishing cycles) 



= image 
= image 
= image 
= image 
= image 



p jif y f ^ p qu 



^ p V/- c p ^° Rk* p ( 

^ p Jf 0p i> f _ c RKM 



P J?° K!% lp Qu -> p ^° Rk* p i- 1p Qu 

p je° K c /Q f -i (c) -> p jt° iiK c ,* p Q / -i( C ) 

f-i(c)- 



( p ipf- c is i-exact) 
(no vanishing cycles) 
(cf. pH Prop. 8.3(3)]) 



□ 



4.b. Semisimplicity of the Gauss-Manin system. — The Gauss-Manin system 
M of /, defined as Jrf?°f+0u, is known to be a regular holonomic C[t] (<9 t )-module. 
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Its Laplace transform M is a C[r](<9 T )-module having thus a regular singularity at 
r = and a (usually) irregular singularity at r — oo, and no other singularity. Then 
G := C[r, r _1 ]®c[T]^ 1S a f ree C[r, T _1 ]-module of rank fi (sum of the Milnor numbers 
of the critical points of / on U), equipped with a connection V (regular singularity 
at t = 0, irregular one at r = oo, and no other singularity). 

Theorem 4.4. — With these assumptions, the meromorphic bundle with connection 
(G, V) is semisimple, i.e., is a direct sum of simple (that is, irreducible) meromorphic 
bundles with connection. 

R. Garcia Lopez informed me that this result has been shown by N. Katz |14l 
Th. 14.13.4(4)] by arithmetical methods. 

Proof. — Let M n be the regular holonomic C[t] (0 t )-module having PJf°RF r IC X ( P C) 
as its de Rham complex (using the Riemann-Hilbert correspondence on P 1 and 
GAGA). From \A.2l(*)i we get an exact sequence 

(4.5) — > Ni — ► M t+ — >M — > N 2 — ► 0, 

where N\,N% are isomorphic to powers of C[t] (with its usual C[i](9t)-action). In 
particular, setting Gj+ = C[r, r _1 ] ®c[r] M^+i one nas 

(4.6) G t+ = G. 

Let us notice that if M| + is semisimple as a C[t] (dt)- module, then M| + is so 
as a C[t] (9 T )-module and C[r, t _1 ] <8>c[t] Mf+ is so as a meromorphic bundle with 
connection. 

The semisimplicity of Mf+ follows from the Decomposition Theorem for the direct 
image of an intersection complex by a projective morphism (pQ or [23] , see also [5]) 
and of the Semisimplicity Theorem [7]. □ 

4.c. The Brieskorn lattice. — We denote by Go the Brieskorn lattice associated 
to / (see |18] h by definition, one introduces a new variable 9 and one sets 

G = fl n+1 (U)[6}/{8d - df A)0™ ([/)[<?]. 

It is known that G is a free C[0]-module of rank fi := dim Q n+1 (U) / df A fl n (U). The 
multiplication by / on tt n (U) naturally induces a connection on Go with a pole of 
order 2 at 9 — 0, a regular singularity at 9 — oo, and no other pole. 

We have G = C[6, 6* _1 ] <8»c[0] Go, equipped with the corresponding connection. 

Comparison with G-f+^o- — After |23j . the module Mf+ is equipped with a good 
filtration that we denote by F^M^ + , so that (M^ + , F^M^ + ) underlies a polarizable 
Hodge Module of weight dim U — n + 1 on A 1 (which corresponds, on A 1 \ {pi, . . . ,p r }, 
to a variation of polarized Hodge structure of weight n). We will be interested in the 
shifted filtration F.M n = F^[n + l]M t+ , defined by F t M n = Ff_ M t+ for any 

I e Z. We then define G t+ , as G^* . 
Lemma 4.7. — FFe /iaue G|+.o = Go- 
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Proof o/Gf+.o C Go- — By definition of the direct image /+, the module M can 
be written as Q n+1 (U)[d t ]/(d - df A. d t )fl n (U)[d t ]. We denote by M the image of 
n n+1 (U) in M. Then G is the saturation (fT25|) of M by 5 t _1 . It is therefore enough 
to show that the natural map M| + — » M of (14. 5|) sends FoMj--|_ into Mo and that is 
a generating index for F,Mj+ (cf. (|1.28| ). 
We consider a diagram 



X 




where X is smooth and it is projective and birational. The direct image M ,0 F + ff^ 
is the 0-th cohomology of the complex 

Rr(x,(fl n ^ 1+ '[d t ],d-dFA.d t )) 

and we have a natural restriction morphism 

RV(X, (nf 1+ '[d t ],d- dFA.dt)) — ► RV(U, (Q^ +1+ '{d t ],d-dfA.d t )) 

= (n n+1 +'(u)id t },d-dfA.d t ) 

inducing a natural morphism 

(4.8) ,^f°F + ^x — >M - 
We filter the de Rham complex by 

(4.9) F k (ffl +1+ '[d t },d~ dFA.d t ) = (F fc+ .[^+ 1+ -[9 f ]],rf-dFA.a t ) 
with 

k+e 

F k+e [nf 1+e {d t }] =J2^ +1+e d?. 

a=0 

This induces the filtration F,J*f° F+ff^- We have a similar definition for [/ instead 
of X, and (|4.8p is, by construction, compatible with the nitrations. We remark that 
FqM — Mq] hence, the mor phism sends F Q Jf°F + ^ into M . 
By construction, FoJt F+&x generates F.J^ F + ffj^ over C[9 t ], as 

F (n n ~ +1+m [d t ],d-dFA.dt) = srg- 1 . 

In order to conclude, we apply |23j : setting as above F. H = F.{—(n + 1)], 
(J4?°F + €>'x, F, h ) underlies a polarizable Hodge module of weight n + 1, and, by the 
decomposition theorem of loc. cit. for n + ff^, (Mj+, F, Mf-i_) is a direct summand of 
(jff°F + ff^,Ff). Last, the morphism (|4~5)) is induced by P~g|) . □ 
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End of the proof of Lemma 14.71 — Once we know that Gj+.o and Go are two lattices 
of G = Gj+ and that the former is included in the latter, the lemma follows from 
the equality after tensoring with C [0] over C[6]. From the formal stationary phase 
formula (see e.g., |20[ Prop. V. 3. 6]), this reduces to the formal microlocal equality 
(M, F.My = (M n ,F.M n Y at each point p d . 

In order to obtain such an equality, one interprets both microlocal filtered modules 
as microlocal direct images by F oin+^u and Kj+£?u respectively (see e.g., [181 §11]). 
In such a direct image, no contribution comes from X \ U, and the contributions 
coming from the critical points of / in U coincide. □ 

Remark (Birkhoff Problem for the Brieskorn lattice). — It follows from Theorem 14.41 
and of a theorem of Bolibrukh and Kostov that Birkhoff 's problem for the Brieskorn 
lattice has a solution. This result can be also obtained in another way, which is 
more precise: Hodge Theory allows one to apply M. Saito's criterion [24] to obtain a 
remarkable solution to this problem (cf. |18L HO] )- 

4.d. The sesquilinear pairing. — By Poincare-Verdier duality theorem, we have 
a natural pairing (that we consider from the sesquilinear point of view) 

P : RffCu ®c Rf* p Cu — > C A ia»[2]. 

As the perverse cohomology sheaves in degree distinct from of both complexes 
Rf\ p Cu and RfJ'Cu are constant shifted by one, their topological Laplace transforms 
vanish on A 1 *, and the topological Laplace transforms of these complexes take the 
form ^[1], if "f is the sheaf of horizontal sections of G on A 1 *. By topological Fourier 
transform, we get a sesquilinear pairing (|1.11[) : 

P : V [1] ®C t-^sifl] — » Csi [2]. 
For any integer £, let us set e(£) = (— l)^ -1 )/ 2 . 

Theorem 4.10. — Let us assume that f is cohomologically tame. Then the integrable 
triple Jff, C) associated with (Go, Go, [e(n + 1)/ (27rz)™ +1 ] -P) by the twistorization 
process of Definition 11.251 (I.e., 9 i— » z and replacement of the standard conjugation 
with the twistor conjugation), equipped with the sesquilinear duality — (Id^>, Id^r), 
is an integrable polarized twistor structure of weight 0. 

Proof. — We will apply Corollary 13.151 to a suitable variation of polarized Hodge 
structure. 

Let us choose a relatively ample line bundle for F. Denote by PMj+ the corre- 
sponding primitive submodule of (its fibre at c G A 1 \ { P i, . . . ,p r } is the primitive 
part of IH"( J F- 1 (c),C)). The filtration F H A/ t+ induces a filtration FfPM n . 

Lemma 4.11. — The primitive filtered module (PM^+, F^PMf + ) is a direct sum- 
mand in (M^+, F^M^ + ) , the other summand being isomorphic to a constant Hodge 
module. 
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Proof. — By the decomposition theorem [23 , we have a Lefschetz decomposition 

(M t+ , F. H M t+ ) = (PM t+ , F?PM H ) © LJf- 2 F + k h (0 v , F*0 V ) 

if [Gxji F^&u) is &u with its trivial filtration shifted by — (n + 1) and L denotes the 
Lefschetz operator relative to the chosen relatively ample line bundle. The second 
summand is isomorphic to J*t?~ 2 F+ k++(&Ui Ff-ffu). As we have seen in the proof of 
Proposition 14. 2i the corresponding perverse sheaf is constant. □ 

Poincare-Verdier duality also induces a sesquilinear pairing Pi* on RF*ki* p Cu, 
in a way compatible to P. We also denote by Pi* the restriction to the primitive part. 
Then (cf. [23]) [£(n)/(27rz)™]Pt* induces the polarization of the variation of Hodge 
structure of weight n on A 1 \ {pi, . . . ,p r } corresponding to (PM^+, F^PM^+). It 
also induces the polarization of the Hodge structure corresponding to the punctual 
components of (PM^ + ,F^-PM^ + ). If we replace F # H with F^[n + 1], we have to 
replace [£(n)/(27ri) n ]Pi* with (-l) n+1 [s(n)/ (2ni) n ]P w (cf. Remark EH]), that is, with 
-[e(n+l)/(27ri) Ti ]P,*. 

By Lemma 14.71 Gf+,o = Go, and by Lemma 14.111 Gf +y o is equal to the lat- 
tice associated to (PM^ + , F.PM^ + ). Moreover, we have Pt» = P. We can apply 
the Main Theorem, according to Corollary 13.151 for the non punctual components of 
(PM^+, F.PM^+) (for the punctual components, we apply Example II. 33t[ I|)). 

Let us now notice that 

e(n + l) l p_ e{n + l) p 
{2ni) n 2jr {2ni) n+1 
Theorem 14.101 is then a consequence of the Main Theorem and of the previous 
results. □ 
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